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1
B\"uhlmann [1] , 1 , Arrow-Debreu Borch Pareto
, . , Esscher
. , B\"uhlmann [1] .
$T:=\{1, \ldots, T\}$ , $t=1,$ $\ldots,$ $T$ $T_{t}:=\{t, \ldots, T\}$ . $(\Omega, \ovalbox{\tt\small REJECT}, (\ovalbox{\tt\small REJECT}_{t})_{t\in T\cup\{0\}}, P)$
. $=\{\emptyset, \Omega\}$ $\ovalbox{\tt\small REJECT}_{T}=\ovalbox{\tt\small REJECT}$ . ,
$0$ , . :
$L^{1}:=L^{1}(\Omega, \ovalbox{\tt\small REJECT}_{T}, P)$ , $L_{t}^{1}:=L^{1}(\Omega, \ovalbox{\tt\small REJECT}_{t}, P)$ .
II $:=\{1,2, \ldots, N\}$ . $i\in II$ $t\in T$
, $\mathbb{R}\ni x\mapsto u_{i,t}(x)\in \mathbb{R}$ . , $u_{i,t}(x)$ ,
:
$u_{i,t}(x)= \frac{1-e^{-\alpha_{i,t}x}}{\alpha_{i_{)}t}}$ , $\alpha_{i,t}\in(0, \infty)$ , $i\in II,$ $t\in T$ . (1.1)
$\ovalbox{\tt\small REJECT}$
$(\Omega, \ovalbox{\tt\small REJECT}, P)$ $X$ :
(Xl) $X\in L^{1}$ .
(X2) $X$ .
, $\ovalbox{\tt\small REJECT}:=$ { $X\in L^{1}$ : $X$ }. , $t\in T$ :
$\ovalbox{\tt\small REJECT}_{t}:=\{X\in\ovalbox{\tt\small REJECT}$ : $X$ - $\}=\ovalbox{\tt\small REJECT}\cap L_{t}^{1}$ .
( , ) $i\in$ II , , $\xi_{i,s}\in$ , $s\in T$ , (
) $(\xi_{i_{1}s})_{\in T}$ . , (
) . , $\xi_{i,s}$ . $t-1$ , $i$ $(\xi_{i,s})_{t\in T_{t}}$
$(X_{i,s})_{s\in T_{t}}$ , $\sum_{s\in T_{t}}E[u_{i,s}(X_{i,s})|$ $- 1]$
. , , . ,
$t$ , :
$Y$ $t$ $=E^{\varphi}$ [$Y$ I ].
, $\varphi$ $\ovalbox{\tt\small REJECT}$ :
$\ovalbox{\tt\small REJECT}:=\{\varphi\in L^{1}(\Omega, \ovalbox{\tt\small REJECT}_{T}, P):\varphi>0 as, E[\varphi]=1\}$ .
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,$E^{\varphi}[Y| \ovalbox{\tt\small REJECT}_{t}]:=\frac{E[\varphi Y|\ovalbox{\tt\small REJECT}_{t}]}{E[\varphi|\ovalbox{\tt\small REJECT}_{t}]}$
. , $\varphi$ .
$W\in\ovalbox{\tt\small REJECT}$ $t\in \mathbb{T}$ , :
$d_{t}(W):= \{(Y_{i,s})_{(i,s)\in I\cross T_{t}}:\sum_{(i^{\backslash }s)\in I\cross T_{t}}^{\wedge}$
(
$i_{Y}$si,)s $\in=$ IW$\cross$ . $Y_{i,s}\in L_{s’\}}^{0}$
$L_{s}^{0}$ - . $(W)$ $W$ $[t, T]$
. $Y_{i,s}$ , $i$ $s$ . ,
$Y_{i,s}\in L_{s}^{0}$ , $Y_{i,s}$ - . $\oint_{s+1}$ -
, $(Y_{i,s})_{(i,s)\in I\cross T_{t}}$ $(W)$ $(Y_{i,s}, Y_{i,s+1})$ $(0, Y_{i,s}+Y_{i,s+1})$ , $(W)$
.
$(\xi_{i,s})_{s\in T}$ , $i$ . ,
$W_{t}:= \sum_{(i,s)\in I\cross T_{t}}\xi_{i,s}$
, $t\in T$
( $t$ ). $\varphi\in\ovalbox{\tt\small REJECT},$ $i\in T,$ $t\in T$ , :
$B_{i,t-1}( \varphi):=\{(Y_{s})_{s\in T_{t}}:E^{\varphi}[\sum_{s\in T_{t}}^{Y_{s}}Y_{s}|\ovalbox{\tt\small REJECT}_{t-1}]\in\ovalbox{\tt\small REJECT}_{s},s\in T_{t},\leq E^{\varphi}[\sum_{s\in T_{t}}\xi_{i,s}|\ovalbox{\tt\small REJECT}_{t-1}]\}\cdot$
.
1.1 $t\in T$ , $((X_{i,s})_{(i,s})\in I\cross\tau_{t},$ $\varphi)\in$ $(W_{t})\cross\ovalbox{\tt\small REJECT}$ ( $t-1$ ) (Arrow-
Debreu) :
(i) $(i, s)\in II\cross T_{t}$ , $E^{\varphi}[|X_{t,s}|]<\infty$
$E^{\varphi}[ \sum_{s\in T_{t}}X_{i,s}|\ovalbox{\tt\small REJECT}_{t-1}]=E^{\varphi}[\sum_{s\in T_{t}}\xi_{i,s}|\ovalbox{\tt\small REJECT}_{t-1}]$
.
(ii) $i\in$ II , $X_{i}:=(X_{i,s})_{s\in T_{t}}$ :
ess $sup\{\sum_{s\in T}E[u_{i,s}(Y_{s})|\ovalbox{\tt\small REJECT}_{t-1}]$ : $(Y_{s})_{s\in T_{t}}\in B_{i,t-1}(\varphi)\}$ .
.
12 $((X_{t,s})_{(i,s)\in I\cross T_{t},\varphi)}\in d_{t}(W_{t})\cross\ovalbox{\tt\small REJECT}$ , :
(a) $((X_{i,s})_{(i,s)\in I\cross T_{t},\varphi)}$ .
(b) $((X_{i,s})_{(i,s)\in I\cross T_{t},\varphi)}$ 1.1 (1) , $(c_{i})_{i\in 1}\in(0, \infty)^{N}$ , :
$u_{i,s}’(X_{i,s})=c_{i}E[\varphi I \ovalbox{\tt\small REJECT}_{s}]$ , $(i, s)\in II\cross T_{t}$ .
, $u_{i,t}^{/}(x):=(du_{i,t}/dx)(x)$ .
38
12 : $((X_{i,s})_{(i,s)\in I\cross T},$ $\varphi)\in$ $(W)\cross\ovalbox{\tt\small REJECT}$ $0$ ,
$t$ $((X_{i,s})_{(i,s)\in I\cross T_{t}}$ , $\varphi)\in\ovalbox{\tt\small REJECT}_{t}(W_{t})\cross\ovalbox{\tt\small REJECT}$ $t-1$ .
, time-consistent $H_{t},$ $t\in T\cup\{0\}$ , :
$H_{t}[Z]:=E^{\varphi}[Z|\ovalbox{\tt\small REJECT}_{t}]$ , $t=0,$ $\ldots,$ $T$.
time-consistency , :
$H_{t}[H_{s}[Z]]=H_{s}[Z]$ , $s\leq t$ .
, $H_{t},$ $t=0,$ $\ldots,$ $T$ , $((X_{i,s})_{(i,s)\in I\cross T}, \varphi)$
, $H_{t}$ $t$ . ,
, ( ) .
2
(1.1) . , .
21 $((X_{i,t})_{(i,t)\in I\cross T}, \varphi)$ . .
, 21 $\varphi$ . ,
. $t\in T$ , $a(t),$ $b(t)\in(0, \infty)$ :
$\frac{1}{a(t)}=\sum_{i\in I}\frac{1}{\alpha_{i,t}}$ , $\frac{1}{b(t)}=\sum_{s=t}^{T}\frac{1}{a(s)}$ . (2.1)
$W\in\ovalbox{\tt\small REJECT}$ , $(L_{t}(a, W))_{t\in T}$ :
$\{\begin{array}{l}L_{T}(a, W):=\exp(-a(T)W),L_{t-1}(a, W):=E[L_{t}(a, W)|\ovalbox{\tt\small REJECT}_{t-1}]^{b(t-1)/b(t)}, t=2, \ldots, T.\end{array}$
$(M_{t}(a, W))_{t\in T}$ :
$\{\begin{array}{l}M_{t}(a, W)=L_{t}(a, W)\cdot\prod_{s=1}^{t-1}L_{s}(a, W)^{-b(s+1)/a(s)}, t=2, \ldots,T,M_{1}(a, W)=L_{1}(a, W).\end{array}$
, $(M_{s}(a,$ $W))_{s\in T}$ , $($ cf. $[$2, 3$])$ :
$\prod_{t\in T}M_{t}(a, W)^{1/a(t)}=\exp(-W)$ .
B\"uhlmann .
22 $W:= \sum_{(i,s)\in I\cross T}\xi_{(i,s)}$ . , $\varphi$ :
$E[ \varphi|\ovalbox{\tt\small REJECT}_{t}]=\frac{M_{t}(a,W)}{E[M_{1}(a,W)]}$ , $t\in T$ .
,
$\varphi=\frac{M_{T}(a,W)}{E[M_{1}(a,W)]}$ . $($2.2 $)$
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2.31 B\"uhlmann (cf. [1]):
$\varphi=\frac{e^{-aW}}{E[e^{-aW}]}$ , $\frac{1}{a}=\frac{1}{\alpha_{1}}+\cdots+\frac{1}{\alpha_{N}}$ .
3 Esscher
:
(1) 1 $(\xi_{1,t})_{t\in T}$ 2, . . . , $N$
.
(2) $(.\ovalbox{\tt\small REJECT}_{t})$ $(\xi_{i,s})$ , i.e., $\ovalbox{\tt\small REJECT}_{t}=\sigma(\xi_{i_{S};}i\in II, s\leq t),$ $t\in T$ .
( ) 1 :
$\ovalbox{\tt\small REJECT}_{t}:=\sigma(\xi_{1,s}:s\leq t)$ , $t\in T$ , $\ovalbox{\tt\small REJECT}_{0}:=\{\emptyset, \Omega\}$ .
31 $W_{1}:= \sum_{s\in T}\xi_{1,s}$ . , $\ovalbox{\tt\small REJECT}_{T}$- $Y\in\ovalbox{\tt\small REJECT}$ , :
$E^{\varphi}[Y|\ovalbox{\tt\small REJECT}_{t}]=E^{P^{*}}[Y|\ovalbox{\tt\small REJECT}_{t}]$ , $t=0,$ $\ldots$ , $T$. (3.1)
,
$\frac{dP^{*}}{dP}=\frac{M_{T}(a,W_{1})}{E[M_{1}(a,W_{1})]}$ $on$ $(\Omega, \ovalbox{\tt\small REJECT}_{T})$ .
3.2 Time-consistent (3.1) , Esscher
.
4
Esscher . $\tau$ , i.e., $\tau$
. $\tau>0$ $P(\tau=t)=0,$ $t\in[0, \infty)$ , . :
$Z=- \sum_{s\in T}z(s)1_{(s-1<\tau\leq s)}-z(T+1)1_{(\tau>T)}$ . (4.1)
$z(s)\in(0,$ $\infty)$ . , , $\tau\in(s-1,$ $s]$
, $s$ $z(s)$ . , $T$
$T$ $Z(T+1)$
. $($ 4.1 $)$ . ,
1 , $Z$ $W_{1}$ ( 1, , )
. $(\ovalbox{\tt\small REJECT}_{t})$ , :
$\ovalbox{\tt\small REJECT}_{t}:=\sigma(D_{s}:s\leq t)$ , $D_{t};=1_{(\tau\leq t)}$ .
Esscher $P^{*}$ :
$E^{\varphi}[Y|\ovalbox{\tt\small REJECT}_{t}]=E^{P^{*}}[Y|\ovalbox{\tt\small REJECT}_{t}]$ , (4.2)
40
$\frac{dP^{*}}{dP}=\frac{M_{T}(a,Z)}{E[M_{1}(a,Z)]}$ on $(\Omega, \ovalbox{\tt\small REJECT}_{T})$ .
, :
$q_{t}^{*}:=P^{*}(\tau\leq t+1|\tau>t)$ , $t=0,$ $\ldots,$ $T-1$ ,
$p_{t}^{*};=1-q_{t}^{*}=P^{*}(\tau>t+1|\tau>t)$ , $t=0,$ $\ldots,$ $T-1$ .
, $P^{*}$ . , :
$P^{*}(1<\tau\leq 2)=p_{0}^{*}p_{1}^{*}q_{2}^{*}$ , $E^{P^{*}}[1_{(1<\tau\leq 2)}|.\ovalbox{\tt\small REJECT}_{1}]=p_{1}^{*}q_{2}^{*}1_{(1<\tau)}$ .
, $q_{t}^{*}$ $p_{t}^{*}$ .
$a(t),$ $b(t)$ (2.1) . :
$q_{t};=P(\tau\leq t+1|\tau>t)$ , $t=0,$ $\ldots,$ $T-1$ ,




41 $t\in \mathbb{T}$ , :
$q_{t-1}^{*}= \frac{e^{b(t)z(t)}q_{t-1}}{e^{b(t)z(t)}q_{t-1}+h_{t}^{b(t)}p_{t-1}}$ , $p_{t-1}^{*}= \frac{h_{t}^{b(t)}p_{t-1}}{e^{b(t)z(t)}q_{t-1}+h_{t}^{b(t)}p_{t-1}}$ .
4.2 Esscher $E[Ze^{-\alpha Z}]/E[e^{-\alpha Z}]$ 1
$Z=-z(1)1_{(0<\tau\leq 1)}-z(2)1_{(1<\tau)}$
, :
$\frac{E[Ze^{-\alpha Z}]}{E[e^{-\alpha Z}]}=-\frac{e^{\alpha z(1)}q_{0}}{e^{\alpha z(1)}q_{0}+e^{\alpha z(2)}p_{0}}z(1)-\frac{e^{\alpha z(2)}p_{0}}{e^{\alpha z(1)}q_{0}+e^{\alpha z(2)}p_{0}}z(2)$
( $Z$ , ). , 41
.
References
[1] H. B\"uhlmann, An economic premium principle, ASTIN Bulletin 11 (1980), 52-60.
[2] K. Fukuda, A. Inoue, and Y. Nakano, Optimal intertemporal risk allocation applied to
insurance pricing, arXiv:0711. $1143v3$ .
[3] K. Fukuda, A. Inoue, and Y. Nakano, Dynamic risk diversification and insurance premium
principles, arXiv$:0906.1632v1$ .
41
